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Numerica l  solutions are  found for  the quasi l inear  dynamic equations of sorpt ion taking the 
effective longitudinal mixing into account.  

The dynamics of sorpt ion in a nondeformable porous medium is descr ibed  by a sys t em of quasi l inear  
par t ia l  different ial  equations.  Such a sys tem of quasi l inear  equations can be solved only numer ica l ly  for  
an a r b i t r a r y  nonlinear  sorpt ion i so therm.  

Numerica l  solutions were found for the sorpt ion dynamic equations in [1-3] for  a Langmuir  i so therm 
without an account of the longitudinal mixing, but the accuracy  of the network sys tem for  the numer ica l  ca l -  
culation was not specified, and the conditions for  absolute stabil i ty of the solution scheme were not ex-  
amined. 

For  a convex sorption i so therm there  exists  an inva r i an t  solution [4] c0reesponding to a t ravel ing-  
wave mode (a s ta t ionary  front,  the pa ra l l e l - t r anspor t  mode).  In the s ta t ionary- f ron t  mode the par t ia l  dif-  
fe rent ia l  equations reduce to ord inary  different ial  equations. In the absence of longitudinal mixing the sys -  
t em of dynamic equations for  sorpt ion can be reduced to quadra tures  [5]. When longitudinal mixing is 
taken into account, however,  the sys tem of dynamic equations for  sorpt ion in the s ta t ionary- f ron t  mode 
can be solved only numerical ly ,  as is shown below. 

Below we analyze the conditions for  absolute stabili ty of the dif ference scheme for the dynamic equa- 
tions of sorption, taking longitudinal mixing into account. We give i l lustrat ive numer ica l  solutions.  We 
find analytic solutions for  the dynamic equations taking into account longitudinal mixing for  a stepped ( rec -  
tangular) i so therm.  

The sys tem of dynamic equations for  sorpt ion consis ts  of the mass-ba lance  equation, the kinetic 
equations for  sorption in the porous grains,  and the initial and boundary conditions: 
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clz=0 = F(t), clz=b = c o , F(O) = c~ qiz=0 = H(t). 

We would usually have q.  >> 1, so we ean neglect  the third t e rm  in Eq.  (1). 
co rpora te  the continuity condition. The boundary condition, i .e . ,  the function H(t), 
tion of the ord inary  nonlinear  equation by the Runge -Kut t a  Method: 

~H~ = F (t) -- ~ (H), /4 (0) = H 0. 

Conditions (3) and (4) in-  
is found f rom the solu-  
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We so lve  the b o u n d a r y - v a l u e  p r o b l e m  fo r  s y s t e m  (1), (2) with condi t ions  (3), (4) numer i ca l l y ,  by the p ivo-  
ta l  condensa t ion  method .  Using a s ix -po in t  pa t t e rn  with a weight  of 0.5 we Write the impl ic i t  i t e ra t ive  
s c h e m e  of the second  o r d e r  of a c c u r a c y ,  O(h 2 + 72): 
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Impl ic i t  i t e ra t ive  s c h e m e  (6)-(8) is not abso lu te ly  s table ,  so we m u s t  find the condi t ions  under  which it is 
s table .  We denote  the e r r o r  of the d i f f e rence  s c h e m e  by 

(s) (s) (s) (s) 
e{ ---- c{ - -  c{, ~?~-' : :  q~; -- q{. (9) 

The l inearized difference scheme is 

(s+l) 1 ( q{ ~ q{--'-/ (s+t) 
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Af te r  s o m e  ca lcu la t ion ,  we find f r o m  (10), (]1) 

( s + l )  (s) (s-- l )  . (s) 
,%, ~ -- B,h ei;, "4~h [;, = B,h [i~, (12) 

( ~ o ,  o ),%, to 
B~,~ = I --  2? " .... 27---72 ~f'6i~. (13) 

A suf f ic ien t  condi t ion  fo r  the absolute  s tab i l i ty  of d i f f e rence  equat ions  (10), (11) is 

]),~ (B) i "< [)~i (A)[, (14) 

where  hi(B ) and Xi(A ) a r e  the e igenva lues  of the m a t r i c e s  Bik , Aik.  We find the e igenva lues  f r o m  the c h a r -  
a c t e r i s t i c  equat ion.  A f t e r  s o m e  ca lcu la t ion  we find 

2. ,.A, - -  Q 2 V-PR cos i 1, 2 . . . . .  n. , " ' = - - ,  = (15) 
n ' -  1 

The  pivota l  condensa t ion  method  is s tab le  fo r  Q > 0, P > 0, R > 0, Q > P + R. Under  these  condi t ions  we 
have Q > 24-P-R, so  that  the e igenva lues  of m a t r i x  Aik a re  a lways  negat ive .  F r o m  condi t ion (14), and us ing 
(13) and (15), we find r e s t r i c t i o n s  on the t ime s tep:  

( 2 - -  0)27 ( 1 I ) - ' .  (16) 
T 

" Omax]~ ' l  ~, ?maxlk(A)[  / 

We see  f r o m  (16) that  by va ry i ng  0 (0 < 0 ~ 1) in the app rop r i a t e  m a n n e r  we can i n c r e a s e  the t ime 
s tep  ~-. 

As  an example  we choose  the L a n g m u i r  i s o t h e r m  

_ (I  - ? p )  c 0 < ' q - < ~  1 0 ~ c - , ~ l  ( 1 7 )  
'Z 1 -- pc ' " . . . .  

and in tegra te  s y s t e m  (1)-(4) f o r  the folIowing p a r a m e t e r s :  o~ = y = 0.5; e 0 = 0; c ~ = 1, F(t) = 1; H 0 -- 0; h 
; 0.06; b = 15; ~- = +1/51;  O = 50. The  sol id  c u r v e s  in Fig .  l a  and b, r e spec t ive ly ,  show the d i s t r ibu t ions  
in the co lumn  of the c o n c e n t r a t i o n  of the ma te r i a l ,  e(z, t), and the concen t r a t i on  of the abso rbed  ma te r i a l ,  
q(z, t). The  s t a t i o n a r y - f r o n t  r e g i m e  se t s  in at  

I~ - ,u~-' i < ~  ~, (18) 
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Fig. 1. a) Dis t r ibut ion of the con-  
cent ra t ion  of ma te r i a l ,  c(z, t); b) 
that of the concentra t ion of absorbed  
ma te r i a l ,  q(z, t). The dashed curves  
a re  the asymptot ic  solutions (24), 
(25). 

where e is the e r r o r  of the calculation,  #2 is the second cen t ra l  
moment ,  al and o~ 2 a re  the f i r s t  and second initial moments ,  g2 

= ~z-oz~; ~n = n  i zn- le (z '  t)dz. 
0 

and l ies above 
_<1. 

Sys t em (19) can be reduced to a single nonl inear  s e c o n d - o r d e r  equation, which can be solved by the 
pivotal  condensat ion method.  Fo r  a s tepped i so therm,  like the l imit ing (p >> 1) Langmui r  i so the rm (17), 

I 1, O.~--.c.=~:l, q ( q ) = / O ,  0 q ~ l ,  
q := l. 0, c = 0 ,  ~ 1, q =  I, (22) 

we can find the solution of s y s t e m  (19), (20) analyt ical ly .  For  i so the rm (22) with o~ ~ T e 0 we find f r o m  

Using condition (18) we showed that the s t a t i ona ry - f ron t  
r eg ime  se t s  in at t _~ t ,  = 3.6 and z -> z .  = 6.75 and that the d i s -  
t r ibut ion cu rves  can be calculated within 1% f rom the asymptot ic  
equations cor responding  to the s t a t i ona ry - f ron t  r eg ime .  

Using the methods of L ie -g roup  theory  [4] we can show that 
s y s t e m  (1)-(4) p e r m i t s  an invar iant  solution cor responding  to a 
Gali lean t r anspo r t  ope ra to r  (the s t a t i ona ry - f ron t  reg ime) .  In this 
case  we can wri te  s y s t e m  (1)-(4) as 

d-2-c - -  ?w d_qq = c - -  ~ (q), , y' . . . .  z , - -  ~vt (19) 
c - -  wq = ~ dy ' dy 

~.I;= = ~ ( - ~ ) =  1, q ( = : - ~ o ) = f ( i ) : =  l ,  

.... dc'[. dq w*~ = 0. (20) = = o ,  = o ,  = d - 3 - ,  _ 

On the bas i s  of phys ica l  cons idera t ions  we can conclude that, 
under  conditions (20), the functions c(y) and q(y) mus t  be mono-  
tonical ly dec reas ing  functions, so  that  f rom (19), (20) we conclude 
that the following conditions mus t  hold: 

~,q ": c .g~(q). (21) 

Condition (21) always holds for  sorpt ion  dynamics  in the case  of 
a convex i so the rm,  i .e. ,  one which begins at the origin,  f(O) = O, 

the s t ra ight  line connecting the origin (0, O) and the point (1,1) on the in terval  0 -~ e 

l 
:-  2~ 

exp[~,~(g--yo--  gO)i, gO-- y o . < g . < e o ,  
, - - o o < l ! S . . y o _  go, 

l j  0 == 

(23) 

(24) 
- - 1 / I  1 ::- 4c/. , 

t 

1 
In (I - -  c&~). 

L~ 

(25) 

( 1 9 )  

d~'c dc c 
0:, . . . . .  - - _ _ = 0 .  

@' dV "~, 

Using (19) and (20), we find the solution of (23) to be 

t exp [~2(Y--Yo)], Y o ~ ( Y <  :':, go = const, 

q (v) = / 1 
.1 , ---ce~y~:: :  V,, ~1,'., 2a / 

In the case  c~ = T = 0.5 we have y0 = _ 0 . 3 9 .  

We find the constant  Y0 f r o m  the in tegral  f o r m  of the m a s s - b a l a n c e  equation. Multiplying (1) by dzdt 
and integrat ing over  z(0 -< z -<Zl) and t(0 _< t -< tl) , using solutions (24) and (25), and taking the l imi ts  zl, t 1 
--* ~ ,  we find a t ranscendenta l  equation fo r  Y0" 
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We then find 

Yo =- - -  i qdy + a [1 - -  c(O)], (26)  
Yo 

. . . .  a [1--exp(-- (y~ Yo = (27) 

In the c a s e  a = ~/= 0.5 we find f r o m  (27) the r e s u l t  Y0 = - 0 . 4 7 5 -  We see  f r o m  so lu t ions  (25), (24) that  q(y) 
is d i sp l aced  by an amount  ly~ with r e s p e c t  to c(y).  In the c a s e  o~ = 0 (ly~ = O) the so lu t ions  co inc ide .  

Solut ions fo r  the p a r t i c u l a r  c a s e  ~ ~ O, T = 0 can be found f r o m  (25), (24). 

In the c a s e  ~ ~ O, y = O, the second  equat ion  in (19) conve r t s  into the i s o t h e r m  c = q~(q) o r  q = f(c). 
In this c a s e  we find f r o m  (19), a f t e r  in tegra t ing ,  

dc 
c.--  1 = c ~ - - ,  (28) 

dg 

and we then find 

q f(c), c(y) l - - e x P ~ Y - - Y ~ j , { ~  - - ~ < Y : ~ : Y 0 ,  (29) 

0 , !/0 ~(: Y <: oo. 
We find the in tegra t ion  cons tan t  Y0 f r o m  the in teg ra l  f o r m  of Eq .  (1): 

, _~Ya0 _ ] ~/,, =- ~ -  [ 1 - -  c (0)1 =- a exp ( - -  . (30) 
\ 

F r o m  the so lu t ion  of t r a n s c e n d e n t a l  E q .  (30), we have Y0 = 0 .567~.  Solut ions  (24) and (25) f o r  t = 4.0 a r e  
shown by the dashed  c u r v e s  in Fig.  2a and b. In p r a c t i c e ,  po rous  zeo l i t e  g r a in s  a re  f r equen t ly  used;  the 
c o r r e s p o n d i n g  i s o t h e r m  is r e c t a n g u l a r .  We see  f r o m  Fig.  1 that in this ease  the a sympto t i c  solut ions  c o r -  
r e spond ing  to the s t a t i o n a r y - f r o n t  r e g i m e  can be d e s c r i b e d  by analy t ic  so lu t ions  (24), (25). 
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N O T A T I O N  

is the c o n c e n t r a t i o n  of the s o r b e d  gas  (or  liquid) in the f i l t ra t ion  flow; 
is the c o n c e n t r a t i o n  of the m a t e r i a l  a b s o r b e d  by the m e d i u m  f r o m  the po rous  g r a i n s ;  
is the r e l a t ive  long i tud ina l -mix ing  coef f ic ien t  ( longitudinal  d i spe r s ion ) ;  
is the r e l a t ive  kinet ic  coef f ic ien t ;  
a r e  the funct ions  d e s c r i b i n g  the f o r w a r d  and r e v e r s e  so rp t ion  i s o t h e r m s ;  
a r e  the coo rd ina t e  and t ime  s teps ,  r e s p e c t i v e l y .  
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